Rydberg-dressed four-wave mixing (FWM) is theoretically and experimentally demonstrated with two electromagnetically induced transparency (EIT) windows generated in a Y-type 85 Rb atomic configuration. Such dressing effect related to Rydberg states can lead to enhancement and suppression in the FWM process, which can be manipulated by the frequency detuning, Rabi frequency, and polarization of laser fields. Particularly, with the enhancement condition satisfied, coexisting FWM and Rydberg six-wave mixing (SWM) peaks with ultranarrow linewidth (much less than 30 MHz) are simultaneously observed. The controllable enhancement and suppression in a Rydberg-EIT medium can provide a novel nondestructive nonlinear method to investigate the spectrum involving Rydberg excitation in the atomic ensemble above room temperature.
INTRODUCTION
With the valence electrons excited to high-lying states with principal quantum numbers n ≫ 1, Rydberg atoms possess properties such as strong Rydberg-Rydberg interactions, long radiative lifetimes, and huge polarizability that scale as n 4 , n 3 , and n 7 , respectively [1, 2] . By exploiting such extraordinary properties, particularly the coherently controllable strong and long-range state-dependent interactions, the neutral atoms associated with Rydberg states are employed to demonstrate a wide range of promising quantum information applications, including quantum gates with high fidelity [3, 4] , single-photon sources [5, 6] , and quantum computation [7] . For the mentioned quantum information applications, it is desirable to probe Rydberg states of alkali atoms with high spectroscopic resolution by utilizing nondestructive techniques, such as electromagnetically induced transparency (EIT) [8, 9] and multiwave mixing (MWM) [10, 11] with coherent and multiwave nature. The Rydberg EIT spectrum with narrow linewidth [12, 13] has been used to demonstrate the giant electro-optic effect [14] and measure the dephasing rates [15] in interacting Rydberg media. Also, the nondegenerate four-wave mixing (FWM) [16, 17] and six-wave mixing (SWM) [18] processes involved in Rydberg states are also experimentally generated to extend the coherent nonlinear spectroscopy such as the nonlinear phase shift caused by the Rydberg-Rydberg interaction and realize collective coherent single-photon emission. The respective FWM and SWM processes based on third-and fifth-order nonlinear light-matter interactions can combine ultrafast time resolution with energy and wave vector selectivity, and explore dynamics phenomena that are inaccessible by utilizing linear techniques [19] . Inspired by the promising applications of EIT and MWM techniques, we combine these two methods to generate the EIT-assisted Rydberg MWM process with the atomic coherence process, which can be completed faster than the ionization process [20] . In addition, the spatially optical alignment setting for the Rydberg EIT can substantially reduce the absorption of the probe field at resonant frequency and result in the "almost Doppler-free" effect, which to some extent can make the Doppler-broadened medium in the beam volume behave like ultracold Rydberg atoms [21] .
In this paper, we highlight our demonstration of the coexistence of the classical FWM process and Rydberg SWM process assisted by the simultaneously generated dual EIT windows in an open-cycled Y-type four-level atomic system. By individually controlling (or tuning) the EIT windows, we can recognize and separate the FWM and SWM clearly, and investigate the interaction between such coexisted MWM processes in a thermal rubidium ( 85 Rb) atomic ensemble theoretically and experimentally. To be specific, the FWM process can be selectively enhanced and suppressed by the dressing-state effect (together with the Rydberg-Rydberg interaction) of the Rydberg driving field. The high-contrast enhancement and suppression can be obviously switched via the Rabi frequency of the probe filed when we scan the detuning of the Rydberg dressing field, which is established by the second-harmonic generation (SHG) technique. In addition, different polarization states of the probe laser can also exert influence on the Rydberg dressing enhancement and suppression when multi-Zeeman energy levels are considered. Compared with the Rydberg MWM in an inverted-Y configuration [22] , the SWM in a Y-type configuration can be detected with high SNR due to the Doppler-free condition and the absence of the optical pumping effect. The dual EIT windows can tailor the generated Rydberg SWM to have an ultranarrow linewidth of much less than 30 MHz, which is close to the linewidth of eight-wave mixing in the system with an inverted-Y arrangement. The investigated interaction between coexisting high-order nonlinear processes can provide a novel nondestructive nonlinear way to demonstrate the Rydberg effects in a thermal atomic ensemble.
EXPERIMENTAL SETUP
We obtain the EIT-assisted MWM processes from a Y-type four-level system consisting of a hyperfine state F 3j0i of the ground state 5S 1∕2 , a first excited state 5P 3∕2 j1i, a lower-lying excited state 5D 3∕2 j3i, and a highly excited Rydberg state nD 5∕2 j2i of 85 Rb. As shown in Figs. 1(a) and 1(b), four laser beams derived from three commercial external cavity laser diodes (ECLDs) with frequency-stabilized servo systems are used to connect the corresponding transitions. The weak probe field (780.2 nm, frequency ω 1 , wave vector k 1 ) stabilized to a temperature-controlled Fabry-Perot cavity is scanned through resonance with transition j0i → j1i, and a
3 ) derived from the same ECLD3 with a small angle of ∼0.3°between them connect the transition j1i → j3i. Beam E 2 (480 nm, ω 2 , k 2 ) for the highly excited Rydberg transition 5P 3∕2 → nD 5∕2 (n 30, 37) comes from a frequencydoubling laser system with a maximum power of ∼100 mW. The four continuous wave lasers intersect at the center of a 10 mm long rubidium cell (wrapped with μ-metal sheets and heated by the heating tape) to establish the coherence between corresponding levels and generate the MWM process with high efficiency.
With beam E 2 turned off, a FWM process E FWM satisfying the phase-matching condition (PMC)
can be observed in the EIT window j0i↔j1i↔j3i. With E 2 turned on, we can generate the coexistence of E FWM and Rydberg dressing SWM process E SWM with the PMC of windows (j0i↔j1i↔j2i and j0i↔j1i↔j3i) . The EIT configurations can establish corresponding coherences in the four-level atomic system, and effectively enhance the generation of the MWM processes [23, 24] . The two MWM processes detected by an avalanche photodiode detector have the same emitting direction [opposite to the direction of E 0 3 , as shown in Fig. 1(a) ]. Figure 1(c) shows the experimentally generated coexisting FWM and Rydberg SWM signals, which can be recognized and separated by corresponding EIT windows.
THEORETICAL MODEL
According to the commonly used approximate mean-field model [25, 26] , the atomic ensemble can be divided into many spherical domains with the same blockade radius R d allowing for the interaction between Rydberg atoms. In a certain domain, there exists a single atom excited to the Rydberg energy level, which can be shifted by the strong interaction between Rydberg atoms. It is obviously concluded that N 2 V d 1 with V d ∝ R d 3 and N 2 defined as the volume of the given sphere and density of excited Rydberg atoms at level j2i, respectively. The energy level shift due to the Rydberg-Rydberg interaction is calculated as
where U r − r 0 represents the interaction between Rydberg atoms at nD states and r is the radial coordinate from the domain origin. Meanwhile, based on the optical Bloch equations (OBEs) [18, 25, 27] 
where C is a constant resulting from numerical integration and mainly determined by the coefficient of van der Waals interaction with the effect of principal quantum number eliminated; jΩ 2 j∕n 11 0.4 is the modification factor for blockaded effect [Ω i i 1; 2 is the Rabi frequency]; N 1 is the density of atoms at level j1i. By comparing the atomic population of the Rydberg case (level j2i) described by Eq. (2) with the nonblockaded case (level j3i) [10, 27] , we can find the following correspondences as
Actually, both the two three-level subsystems j0↔ij1↔ij2i and j0↔ij1↔ij3i are analogous ladder-type structures, and the two driving fields E 2 and E 4 play the same role of dressing field for the first-excited level j1i. Consequently, the atomic density expressions for j2i and j3i levels can have very similar formats and we can conclude the above correspondences between the Rydberg and non-Rydberg cases.
Considering that the circular polarization state can affect the transition paths associated with Clebsch-Gordan (CG) coefficients and Zeeman sublevels [28, 29] , the corresponding transition dipole moment μ ij and the Rabi frequency Ω i μ i E i ∕ℏ (E i is the electric field of laser field E i , i 1; 2…) can be modulated by different polarization configurations. Also, a different linear polarization state can change the percentages of the two orthogonal P-and S-polarization components. In the current work, a half-wave plate (HWP) and a quarter-wave plate (QWP) with variable rotation angles are applied to modify the polarization state of E 1 and further the evolution of Rydberg dressing MWM spectra.
For the QWP that changes the polarization state of a probe laser from linear to circular, the corresponding Liouville pathways [30, 31] for the FWM and SWM processes are given as ρ
(M 2; 1; q 0; 1), respectively. Here q 0, 1, and −1 mean the probe field is set as linearly, left-circularly and right-circularly polarizing states, respectively, while M represents the magnetic quantum number related to Zeeman sublevels. With the modifying factors from the Rydberg effects introduced, the density matrix element for the output FWM signal with the self dressing of E 1 and Rydberg dressing of E 2 is given as
with m 1 defined as
is the decoherence rate between jii and jji; Γ i is the transverse relaxation rate determined by the longitudinal relaxation time and the reversible transverse relaxation time; Δ i ω ij − ω i is the detuning between the resonant transition frequency ω ij and the laser frequency ω i of E i . Similarly, the fifth-order density matrix element for the Rydberg SWM signal is described by
Moreover, we can also establish the relationship between the adjustable θ of the QWP and the high-order density matrix elements by defining Ω 28] . Considering that the intensity I of the MWM signal is proportional to jN 0 μ ij ρj 2 , the intensities of the FWM signals generated by the linearly and circularly polarized probe field are
respectively. Similarly, we can understand the intensities evolution of Rydberg SWM by
When a HWP is used to modify the perpendicular P-(E 1x E 1 cos 2θ) and S-polarization (E 1y E 1 sin 2θ) components of the linearly polarized probe beam, the two effective susceptibility elements χ x and χ y of FWM in isotropic rubidium atoms are described as χ x χ xxxx cos 2θ and χ y χ yxxy sin 2θ, respectively. Here χ xxxx and χ yxxy together with χ yyxx and χ yxyx are four nonzero tensor components of the third-order nonlinear susceptibility. Consequently, the corresponding density-matrix element ρ 3 FL M is given as Eq. (5), where c x (c y ) is the anisotropic factor denoting the susceptibility χ xxxx (χ yxxy ). Similarly, the HWP modulated fifth-order density-matrix element ρ 5 SL M is represented by Eq. (6) as well:
RESULTS AND ANALYSIS
By experimentally scanning the frequency detuning of the probe field across the transition 85 Rb, F 3 → F 0 on D2 line, we obtain the coexisting FWM (three-photon interference) and Rydberg SWM (five-photon interference) signals (shown in Fig. 2 ) with the assistance of two EIT windows satisfying Δ 1 Δ 2 0 and Δ 1 Δ 3 0 in subsystems j0i → j1i → j2i and j0i → j1i → j3i, respectively. First, as shown in Fig. 2(a) , the pure FWM is observed in the EIT window generated by E 3 and E 0 3 with Δ 1 Δ 3 0 and Δ 2 40 MHz, namely, the two EIT windows are completely separated. Then we move the E 2 EIT window (Δ 1 Δ 2 0) by gradually tuning Δ 2 from ∼40 to ∼15 MHz and witness the coexisting FWM (peak F ) and SWM (peak S) signals, as shown in Fig. 2(b) . When Δ 1 Δ 2 0 and Δ 1 Δ 3 0 are simultaneously satisfied, the PMC k SWM1 k 1 k 3 − k 0 3 k 2 − k 2 implying the conservation of energy and momentum is strictly implemented and the strongest Rydberg SWM signal is achieved, as shown in Fig. 2(e) . By comparing Figs. 2(a) with 2(e), the intensity of the mixed SWM and FWM can be twice that of pure FWM, which means the intensity of Rydberg SWM can be approximately the same with FWM. Theoretically, the intensity of the mixed MWM signal is the intensity sum of the FWM and SWM signals. Consequently, the observed MWM in Figs. 2(a)-2(e) can be simulated by
, and the corresponding theoretical results are shown in Figs. 2(a1)-2(f1) .
The strongest Rydberg SWM signal occurs when the two EIT windows completely overlap, so the pure SWM signal with the highest efficiency is difficult to separate from the FWM process when the probe detuning Δ 1 is scanned. As a result, we adopt an effective strategy by scanning the detuning Δ 2 of the Rydberg driving field to obtain the pure Rydberg SWM process with high SNR. Here E 2 field is generated with the assistance of the SHG technique, so the scanning of Δ 2 is realized by scanning the frequency of the fundamentalfrequency laser with the frequency-doubling cavity locked. With Δ 2 scanned over 1 GHz with a repetition of 10 Hz, the pure Rydberg SWM without the disturbance of Doppler absorption and FWM signal is experimentally demonstrated in Fig. 3 .
Figures 3(a1) and 3(a2) show the Rabi frequency Ω 1 induced switch between the Rydberg dressing enhancement and suppression by increasing the power of E 1 at Δ 1 Δ 3 0 with E 2 driving the transitions 5P 3∕2 → 30D 5∕2 and 5P 3∕2 → 37D 5∕2 , respectively. The dressing effect in the MWM process can be considered as two steps [32] , shown in Fig. 3(c) . First, the occurrence of E 1 can split the level j1i into two dressed states j 1 i and j− 1 i and the corresponding eigenmode is given as λ Δ 1 ∕2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi Δ 2 1 4jΩ 1 j 2 p ∕2. Then the Rydberg coupling field can split the dressing level j 1 i into j 1 2 i and the corresponding eigenmode is cal-
With the frequency of dressing field E 2 scanned to meet the enhancement condition Δ 2 λ λ 0, the enhanced SWM peak is observed. Similarly, the suppression dip can occur when the suppression requirement Δ 2 Δ 0 1 Δ 2 − Δ 1 − λ 0 is satisfied. Initially as the bottom curves shown in Figs. 3(a1) and 3(b1), the small P 1 case is understood that the first-step dressing is neglected and the second-step dressing is dominant, i.e., E 2 field splits level j1i into dressed states j 2 i. By scanning Δ 2 to meet the enhanced condition
∕2 0, the SWM peak is generated. With the power P 1 growing, the first-step dressing effect of E 1 appears gradually and suppression condition Δ 1 Δ 2 − λ 0 is implemented to generate the suppressed dip. And the larger P 1 can broaden the interval between dressing levels j 1 2 i and j 1 − 2 i, which can make Δ 2 be fully resonant with j 1 2 i and lead to more obvious suppression [the top curves in Figs. 3(a1) and 3(a2) ]. Also, it is worth mentioning that there exists a half enhancement and half suppression for n 30 and the suppression is much bigger than that for n 37, which can be explained as the larger n can have a weaker classical dressing effect due to a larger dipole moment.
Figures 3(b1) and 3(b2) investigate the evolutions of the pure SWM involving Rydberg state 37D by growing the Rabi frequency Ω 2 at P 1 0.3 mW and P 1 1 mW, respectively. The evolutions of the enhanced Rydberg SWM and suppressed dip can behave similarly, first increasing with P 2 changed from 0 to 40 mW and then getting saturated with P 2 over 40 mW. Such a saturation effect can imply the existence of Rydberg-Rydberg interaction [22] . Let us focus on Eqs. (5) and (6) that represent the suppressed FWM and enhanced SWM processes, respectively. For Eq. (5), the growth of denominator term (jΩ 2 j 0.4 ∕n 4.4 ) can result in the weakening of the dressing FWM process, which indicates that the suppression is strengthened. Similarly, the SWM can also be strengthened with the growing of Ω 2 according to the numerator term jΩ 2 j∕n 11 0.4 in Eq. (6), in which the whole denominator term can be viewed as constant with the consideration of Ω 1 ≫ jΩ 2 j∕n 11 0.4 and jΩ 3 j 2 ≫ jΩ 2 j∕n 11 0.4 . Meanwhile, the exponent term 0.4 can lead to saturation in both MWM processes by increasing P 2 from 40 to 100 mW. Also, considering that the intensity of the probe field can directly determine the atomic population at level 5P 3∕2 and Rydberg atoms are excited from the first-excited state 5P 3∕2 , we conclude that the intensity dependence on the power of the probe field can be equivalent to the evolution of atomic density to some extent. Figure 4 demonstrates the modulation of different probefield polarizations on the enhanced Rydberg SWM and suppressed FWM spectra by scanning the detuning Δ 2 (n 37D). Both the QWP and HWP (with rotation angles θ 1 and θ 2 , respectively) are applied to modify the polarization of E 1 field by adjusting their rotation angles with a step of 15°. The QWP can modulate the proportions of the linearly and circularly polarized components of E 1 field, while the HWP can change the percentages of the horizontally and vertically polarized components of E 1 field. The modulated results of the QWP and HWP are shown in Figs. 4(a)-4(d) , respectively. Each single peak or dip in Fig. 4 can have the same linewidth (less than 30 MHz) as Fig. 3 , because both the experiments are carried out with the same method. Figure 4 (a) gives the evolution of the Rydberg SWM signal by changing θ 1 of the HWP (added on the probe field) from 0 (horizontal polarization) to 45°(vertical polarization). To be specific, in accordance to the numerator term c y sin2θ c x cos2θ in Eq. (6), there exist a pure horizontal component and vertical component when θ 1 is set as 0°(c x ) and 45°(c y ), respectively. With c y < c x considered [33] , the Rydberg SWM generated by the horizontally polarized probe field can be stronger than that generated by the vertically polarized probe field, which can clearly interpret the evolution of the experimental observations in Fig. 4(a) . Similarly, the Rydberg-dressed suppression on the FWM in Fig. 4(c) can be the strongest and weakest at θ 1 0°and θ 1 45°, respectively, which is in coincidence with Eq. (5). For the QWP modulated case, the Rydberg SWM signals in Fig. 4(b) can behave weaker with the probe-field polarization transformed from linear The experimental parameters are the same as defined in Fig. 3 . Fig. 3 . Experimentally observed Rydberg-dressed FWM process by scanning the frequency detuning Δ 2 . The switching from enhanced peak to suppressed dip by increasing the power of E 1 for (a1) n 30D and (a2) n 37D, respectively. The observed curves are measured with P 1 being 0.2, 0.4, 0.6, 0.8, and 1 mW (from bottom up), respectively. Ω 2 2π × 7.6 MHz at 100 mW. (b1),(b2) Two intensity dependences of Rydberg-dressed FWM on E 2 power for n 37D are obtained at low (P 1 0.3 mW) and high (P 1 1 mW) E 1 power, respectively. (c) Dressing energy-level configuration with considering of the combined dressing effects from E 1 and E 2 . (θ 2 0°) to right circular (θ 2 45°). 3 can make the circular polarizing SWM (θ 2 45°) weaker than the linear polarizing one (θ 2 0°). In the same manner, Eq. (3) can account for the increase of the suppressed dip in Fig. 4(d) , in which the lower dashed line also implies the decrease of the FWM without dressing.
CONCLUSION
In summary, we report the experimental demonstration of the coexistence and interaction of a Doppler-free and narrow-linewidth FWM process and Rydberg SWM process with the assistance of dual EIT windows in a Y-type four-level atomic system. First, with the Rydberg EIT tuned near to the EIT window of the coupling field, we can observe the FWM and SWM simultaneously. Second, the Rydberg driving field can selectively enhance and suppress the FWM process by arranging the power of the probe field. Third, different polarization states of the probe laser can also affect the Rydberg-dressed enhancement and suppression of MWM spectra with the consideration of multi-Zeeman energy levels. Such controllable coexisted third-and fifth-order nonlinear processes can provide an ingenious nondestructive nonlinear way to demonstrate the Rydberg spectrum and related nonlinear effects in Rydberg atoms above room temperature.
